
Tlt`m�� �®�Akt�� :��A��� 
Ab��

Tlt`m�� �®�Akt�� 1

:�yt�A¡ �ytqyq�� ¹CAq�� r�@nF¤ ,��¤dl�  Am§C ��Ak� �whf� �b� �� AnFC 
.Tql��¤ ­ ¤d�� ­rt� Yl� Xq� �r`�  Am§C ��Ak� (�)

¤� T§wl`�� w�C� �A`ym��  ± ��Ð¤)  Am§C ��Ak� Ah� Hy� ­ ¤d�� ry� T�� ©� (
)
.(T§Ah� Ah� Hy� Tylfs��

 � ¤� ­ ¤d�� ry� ¤� T�wtf� ­rt� Yl� ��Akt�� �whf� �� �ºAst�  �  Ð� ¨`ybW�� ��
A�dn�¤ , Tlt`� �®�Ak� Ymsu� �®�Akt�� £@¡ ��� .­ ¤d�� ry� T��d� ��Akt�� TF�C �¤A��
x → b A�dn� ­ ¤d�� ry� Tl�Akum�� T��d�� ¤� b = ∞ �y� [a, b[ ��Akt�� ­rt�  wk�

.��Aktl� �t`� �rV b  � �wq� An���
: ¯A�� - 1-1

x Cw��¤ T��d�� Yn�n� �y� ­CwO�m�� T�Asm�� �¡ .f(x) = x−1/2, x ∈]0, 1] �kt� (1)
?Tyhtn�
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(rS�±A�) g(x) = 1/x ,(rm�±A�) f(x) = 1/
√

x Yn�n�
 Am§C ��Ak� Anbs�¤ a > 0 ©� A�@�� w� An�� ^�®�

∫ 1

a

f(x) dx = 2
√

1− 2
√

a < 2

.2 �� d§z�  � �km§ ¯ T��d�� Yn�n� 
�� T�Asm��  � d�� ¨�At�A�
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 � A�d�w� Tq§rW�� Hfn� g(x) = 1/x T��d�� AnFC w� �k� (2)
∫ 1

a

g(x) dx = ln 1− ln a = − ln a

 d� ©� �� d§z� T�Asm��  � d�� a � (rfO�� �� Tb§r�) Tflt�� �y� T�r�t�¤
.­ ¤d�� ry� ]0, 1] ­rtf�� ¨� g(x) Yn�n� 
�� T�Asm��  � ©� , YW`�

Ty�¤±� �Af§r`t��

d� ­ ¤d�� ry� T��d� Yn�nm�� 
�� ­CwO�m�� T�Asm��  ±  Aq�As��  ¯A�m�� ryK§
¨�CAq� �t`� ��Ak� Ah� T��d��  � �wq� Y�¤±� T�A��� ¨� ,Tyhtn� ry� ¤� Tyhtn�  wk�

. ©d�Ab� ¤� ¨�CAq� ry� T��dl� �t`m�� ��Akt��  � Ty�A��� T�A��� ¨� �wq� Amny�

:�Af§r`� - 2-1

Tl�A�  wk� �y�� ]a, b] ­ ¤d�� ­rt� Yl� T�r`� T�� f(x) �kt� (1)
�wq� ,]a, b] ¨� ­�wt�� [c, b] Tql�� ­rt� ©� Yl�  Am§C �whfm� ��Aktl�

 A� �Ð� ¨�CAq�
∫ b

a+ f(x) dx �t`m�� ��Akt��  �

lim
c→a+0

∫ b

c

f(x) dx = A ∈ R.

 wk��y�� [b, +∞[ ­ ¤d�� ry� ­rt� Yl� T�r`� T�� f(x)�kt� (2)
 � �wq� , [b,M ] Tql�� ­rt� ©� Yl�  Am§C �whfm� ��Aktl� Tl�A�

 A� �Ð� ¨�CAq�
∫ +∞

b f(x) dx �t`m�� ��Akt��

lim
M→+∞

∫ M

b

f(x) dx = A ∈ R.

.�t`m�� ��Aktl� Tmyq� @�¥� A T§Ahn��
­CwO�� Yl� Tlt`m�� �®�Akt�� �§r`� ��m�A� �km§

∫ b−

a

f(x) dx,

∫ b

−∞
f(x) dx

��Akt�� Amny� ¨�CAq�
∫ 1

0+ x−1/2 dx �t`m�� ��Akt��  �  A�Rw§  Aq�As��  ¯A�m��
:Ty�At�� TWysb�� T§r\n�� ¨� T�ytn�� £@¡ �m`nF .©d�Ab�

∫ 1
0+ x−1 dx �t`m��
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.f(x) = x−p �kt�¤ ,p > 0 �kt� :T§r\� - 3-1

.p < 1  A� �Ð� Xq�¤ �Ð� ¨�CAq�
∫ 1

0+ f(x) dx �t`m�� ��Akt�� (1)

.p > 1  A� �Ð� Xq�¤ �Ð� ¨�CAq�
∫ +∞

1 f(x) dx �t`m�� ��Akt�� (2)

.¹CAql� �§rmt� (2) �rt�¤ (1) 
b�nF - A¡r�
 � �wl`m�� �� , 0 < c < 1 �kt�¤ p < 1 �kt�

∫ 1

c

x−p dx =
1

1− p
(1− c1−p)

¨�At�A�¤

lim
c→0+

∫ 1

c

x−p dx =
1

1− p
.

A�dn�) − ln c ¤� (p > 1 A�dn�)
∫ 1

c x−p dx = 1
1−p(1 − c1−p)  �� p ≥ 1 
�A� �Ð� A��

T§Aht��  � �R�w�� ��¤ ,(p = 1

lim
c→0+

∫ 1

c

x−p dx

.	�AF 1− p x±�  ± �yt�A��� ¨� T§Ah�¯Am�� ©¤As�
­ ¤d�m�� ��rtf�� T�A�� A¡r�@� ,Tlt`m�� �®�Aktl� T§rb��� Q�w��� {`� ¨l§ Amy�

.¹CAql� ­ ¤d�� ry� ��rt� Yl� Tlt`m�� �®�Aktl� Tl¶Amm�� Q�w��� T�Ay} �rt�¤
:T§r\� - 4-1

 �� ¨�CAq�
∫ b

a+ g(x) dx ¤
∫ b

a+ f(x) dx �yl�Akt�� �� ®�  A� �Ð� (1)
.Amh�wm�� ©¤As§¤ ¨�CAq�

∫ b

a+ (f(x) + g(x)] dx

.λ ∈ R ©± ¨�CAq�
∫ b

a+ λf(x) dx  �� ¨�CAq�
∫ b

a+ f(x) dx  A� �Ð� (2)

.c ∈]a, b[ ©± ¨�CAq�
∫ c

a+ f(x) dx  �� ¨�CAq�
∫ b

a+ f(x) dx  A� �Ð� (3)

.�A§Ahn�� rb� �� rJAb� - A¡r�
:¨l§ Am� Tlt`m�� �®�Aktl� «r�� �AkJ� �§r`� Annkm§
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:�§r`� - 5-1

­rt� ©� Yl� ­ ¤d��¤ a, b �� �� dn� ­ ¤d�� ry� f(x) 
�A� �Ð� (1)
�r`� c ∈]a, b[ ©� @��� An��� [c, d] ⊂]a, b[ Ty¶z�

.

∫ b−0

a+
f(x) dx =

∫ c

a+
f(x) dx +

∫ b−0

c

f(x) dx

­rt� ©� Yl� ­ ¤d��¤ s ∈]a, b[ dn� ­ ¤d�� ry� f(x) 
�A� �Ð� (2)
�r`� An��� [c, d] ⊂ [a, s[∪]s, b] Ty¶z�

.

∫ b

a

f(x) dx =

∫ c−0

a

f(x) dx +

∫ b

c+0
f(x) dx


CAqtl� ¨Jw� ªrJ

,T§Ahn�� T�r`�  ¤ ��Akt�� 
CAq� TF�Cd� �At�nF Tlt`m�� �®�Aktl� �m�� TF�Cd�
.�¯A��� �� ry�� ¨� �C@`t�  wk§ d� T§Ahn��  A�§�  ± ��Ð¤

:
CAqtl� ¨Jw� ªrJ :T§r\� - 6-1

: A� �Ð� Xq�¤ �Ð� ¨�CAq�
∫ b

a+ f(x) dx �t`m�� ��Akt�� (1)
 wk§ [c, d] ⊂]a, a + δ] ­rt� ©± �y�� δ > 0 d�w§ ε > 0 �k�

∣∣∣∣
∫ d

c

f(x) dx

∣∣∣∣ < ε

: A� �Ð� Xq�¤ �Ð� ¨�CAq�
∫ +∞

a f(x) dx �t`m�� ��Akt�� (2)
 wk§ [c, d] ⊂ [L, +∞[ ­rt� ©± �y�� L > a d�w§ ε > 0 �k�

∣∣∣∣
∫ d

c

f(x) dx

∣∣∣∣ < ε

.¹CAql� �§rmt� (1) �rt�¤ (2) 
b�nF - A¡r�
 Ð� .YW`� ε > 0 �ky�¤ ,

∫ +∞
a f(x) dx = A �t`m�� ��Akt��  � |rf� (=⇒)

lim
c→+∞

∫ c

a

f(x) dx = A
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 wk§ c ≥ L ©± �y�� L > a d�w§ ¢�� d�� T§Ahn�� �§r`� ��
∣∣∣∣
∫ c

a

f(x) dx− A

∣∣∣∣ < ε/2

 � d�� d > c ≥ L @���
∣∣∣∣
∫ d

c

f(x) dx

∣∣∣∣ =

∣∣∣∣
∫ d

a

f(x) dx−
∫ c

a

f(x) dx

∣∣∣∣

≤
∣∣∣∣
∫ d

a

f(x) dx− A

∣∣∣∣ +

∣∣∣∣
∫ d

a

f(x) dx− A

∣∣∣∣
< ε/2 + ε/2 = ε

 wk§ d > c ≥ L ©± �q�� L(ε) > a d�w§ ε > 0 ©± d�n� ,¨Jw� ªrJ �q�� |rf� (⇐=)
∣∣∣∣
∫ d

c

f(x) dx

∣∣∣∣ < ε

d�� ¨�At�A� , ε1 < ε2 =⇒ L(ε1) > L(ε2)  � |rf�  � Annkm§
∫ L(ε1)

a

f(x) dx− ε1 <

∫ L(ε2)

a

f(x) dx <

∫ L(ε1)

a

f(x) dx + ε1

T�wm�m�� �iÄra`u� �� ,A1 =
∫ L1

a f(x) dx− 1 �S�¤ ­rZAnm�� L1 Tmy� CAt��¤ ε = 1 @���

E = {A ∈ R | ∃L > L1 :

∫ c

a

f(x) dx > A ∀c > L }

©wl� d� w¡ M1 =
∫ L1

a f(x) dx + 1  d`��  � �Ab�� �km§ Am� , A1 ∈ E  � �R�w�� ��
.E T�wm�ml�

 � �¡rbnF ,R ¨�  w�w� A0 = sup E  � �l`� Tyqyq���  �d�°� �Amt�¯� Ty}A� ��
.A0 = limc→+∞

∫ c

a f(x) dx
A0−ε < B ≤ A0 �y��B ∈ E d�w§ ¢�� �tnts� ©wl� d� r�}� �§r`� �� ,YW`� ε > 0�ky�

.c > LB �k�
∫ c

a f(x) dx > B > A0 − ε �y�� LB d�w§ B  d`�� �@h� ,
c > L ©± ¨�At�A� ,L = max(LB, Lε) @���¤ ,¨Jw� ªrK� Tqq��¤ ε/3 Tmyq� ­rZAn� Lε CAt��

 wk§
∫ c

a

f(x) dx > A0−ε ,

∫ Lε

a

f(x) dx−ε/3 <

∫ c

a

f(x) dx <

∫ Lε

a

f(x) dx+ε/3

�y�� c0 > L �d�¤ �Ð�∫ c0

a

f(x) dx > A0 + ε
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:c > L ©±  ��

A0 + ε/3 <

∫ c0

a

f(x) dx− 2ε/3 <

∫ Lε

a

f(x) dx− ε/3 <

∫ c

a

f(x) dx

c > L  �  Ð� �tn§ .A0 = sup E  � Tqyq� {�An§ A� w¡¤ A0 + ε/3 ∈ E  � ��Ð �� �tn§¤

A0 − ε <

∫ c

a

f(x) dx < A0 + ε

.
wlWm�� 
b�§ A� w¡¤
: ¯A�� - 7-1

��Akt�� a > 0 �y� ,f(x) = cos(xa) �kt� (1)
∫ +∞

0
f(x) dx

.a > 1 ©± ��Akt�� �@¡ 
CAq� 
b�nF .(Fresnel integral) �nFr� ��Ak� Yms§
 � {§w`t�A� ��Akt�� �� d�� d > c > 0©±

∫ d

c

cos(xa) dx =
1

a

∫ d1/a

c1/a

y−1+ 1
a cos(y) dy

�tn§ ¹z�t�A� ��
∫ d

c

cos(xa) dx =
1

a
y−1+ 1

a cos(y)|d1/a

c1/a − 1

a
(−1+

1

a
)

∫ d1/a

c1/a

y−2+ 1
a sin(y) dy

��Ð ��¤
∣∣∣∣
∫ d

c

cos(xa) dx

∣∣∣∣ ≤
∣∣∣∣
1

a
y−1+ 1

a |d1/a

c1/a

∣∣∣∣ +
1

a

∣∣∣∣−1 +
1

a

∣∣∣∣
∫ d1/a

c1/a

y−2+ 1
a dy

(Tq�AF T§r\� ��)
∫ +∞

1 y−2+ 1
a dy ��Akt�� 
CAqt� Ant�r`� �� ,YW`� ε > 0 �ky�

:d > c > L1 ©± �y�� L1  A�§� �km§ ,¨Jw� ªrJ ��d�tFA�¤

1

a

∣∣∣∣−1 +
1

a

∣∣∣∣
∫ d1/a

c1/a

y−2+ 1
a dy < ε/2

�q�� L2 d�w§ ¢��� limy→+∞ y−1+ 1
a = 0  � �y�¤

d > c > L2 ©±
∣∣∣∣
1

a
y−1+ 1

a |d1/a

c1/a

∣∣∣∣ < ε/2
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 �� d > c > max(L1, L2)  A� �Ð� ¨�At�A�
∣∣∣∣
∫ d

c

cos(xa) dx

∣∣∣∣ < ε

.
wlWm�� �tn§ 
CAqtl� ¨Jw� ªrJ ��¤

d�� º§z�t�A� ��Akt�� ��d�tFA� ,
∫ +∞

1
sin x

x
dx ��Akt�� xCdn� (2)

∣∣∣∣
∫ d

c

sin x

x
dx

∣∣∣∣ =

∣∣∣∣−
cos x

x
|dc −

∫ d

c

cos x

x2 dx

∣∣∣∣

≤
∣∣∣∣
1

c

∣∣∣∣ +

∣∣∣∣
1

d

∣∣∣∣ +

∫ d

c

1

x2 dx

L1  A�§� �km§ ¨Jw� ªrJ ��d�tFA�¤
∫ +∞

1
1
x2 dx ��Akt�� 
CAq� �� ,YW`� ε > 0 �ky�

�y��

d > c > L1 =⇒
∫ d

c

1

x2 < ε/2

 wk§ ��@�¤ L2 > 4/ε  A�§� �km§ Am�

d > c > max(L1, L2) ©±
∣∣∣∣
∫ d

c

sin x

x
dx

∣∣∣∣ < ε

.
wlWm�� �tn§ 
CAqtl� ¨Jw� ªrJ ��¤

ª¤rKm�� 
CAqt��¤ �lWm�� 
CAqt��

¨�CAq�
∫ +∞

1

∣∣ cos(x2)
∣∣ dx �¡ .¨�CAq�

∫ +∞
1 cos(x2) dx  � ��As�� �A�m�� ¨� An§�C

A�rt�� wl� .
CAqtl� ¨Jw� ªrJ ��d�tFA� ¨fn�A� ��¥s�� �@¡ T�A�� Annkm§ ?r�µ� w¡
x ∈ [c, d] �k�

∣∣ cos(x2)
∣∣ > 1/

√
2  � d�nF c =

√
2nπ − π/4, d =

√
2nπ + π/4

.
∫ d

c

∣∣ cos(x2)
∣∣ dx > π

2
√

2
 � Y�� © ¥§ Am� ,

�k� c, d > L �y�� n  A�§� �km§ L ©°� 0 < ε < π
2
√

2
 A� w�  µ�

,�q�t� ry� 
CAqtl� ¨Jw� ªrJ  � ��Ð �� �St§ ,
∫ d

c

∣∣ cos(x2)
∣∣ dx > ε

.©d�Ab� ��Akt��  � ©�

�Ð� �lW� 
CAq� ¨�CAq� f(x) T��dl� �t`m�� ��Akt��  � �Aq§ :�§r`� - 8-1

��Akt��  A� �Ð� A�� .r�µ� w¡ ¨�CAq� | f(x) | T��dl� �t`m�� ��Akt��  A�
�wq� An��� ©d�Ab� | f(x) | T��dl� �t`m�� ��Ak��¤ ¨�CAq� f(x) T��dl� �t`m��

.ª¤rK� 
CAq�w¡ �¤±� ��Akt�� 
CAq�  �

.
∫ b

a+ f(x) dx 
CAq� �zlts§
∫ b

a+ | f(x) | dx 
CAq� :T§r\� - 9-1
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 �  Am§C ��Ak� Q�w� �� - A¡r�
∣∣∣∣
∫ d

c

f(x) dx

∣∣∣∣ ≤
∫ d

c

| f(x) | dx

��Aktl� ªrK�� Hf� �q�� �zlts§
∫ b

a+ | f(x) | dx ��Aktl� ¨Jw� ªrJ �q��  �� ¨�At�A�¤
.
∫ b

a+ f(x) dx

¨l§ Amy� T�y�O�� T�A�³� rt�� .Tl·F� 10.1
∫ +∞
0 x−p dx �t`m�� ��Akt�� (1)

p > 1 
�A� �Ð� ¨�CAq�( ) p ≤ 1 
�A� �Ð� ¨�CAq�( )
¨�CAq� Am¶� ( ) ©d�Ab� Am¶� ( )

∫ +∞
a f(x) dx �t`m�� ��Akt�� 
CAq� (2)

limx→∞ f(x) = 0 ¸�Ak§ ( ) limx→∞ f(x) = 0 
�A� w� �tn§( )
limx→∞ f(x) = 0  wk�  � �zlts§( ) limx→∞ f(x) 6= 0 �zlts§ ( )

 �� [a, b] ­rtf�� Yl� ­ ¤d�� ry� T�� f(x) 
�A� �Ð� (3)
¨�CAq�

∫ b−0
a f(x) dx ( ) �r`� ry�

∫ b−0
a f(x) dx( )

 Am§C ��Akt�  w�w� ry�
∫ b
a f(x) dx( ) ©d�Ab�

∫ b−0
a f(x) dx ( )

 �� ©d�Ab�
∫ 1
0 | f(x) | dx �t`m�� ��Akt��  A� �Ð� (4)

¨�CAq�
∫ 1
0 f(x) dx ( ) �r`� ry�

∫ 1
0 f(x) dx( )∫ 1

0 f(x) dx =
∫ 1
0 | f(x) | dx( ) ©d�Ab�

∫ 1
0 f(x) dx ( )

.�§CAm� 11.1

Tl�A� T�� g :]c, d] −→]a, b] 
�A� �Ð� :Tlt`m�� �®�Aktl� {§w`t�A� ��Akt�� T§r\� �¡r� (1)
 �� ]a, b] Yl� T�r`� T�� f(x) 
�A� �Ð�¤ , g′(t) 6= 0 
�A�¤ ]c, d] ]c, d[ Yl� �AqtJ²�

∫ b

a+
f(x) dx =

∫ d

c
f(g(t)) g′(t) dt

­ w�w� limx→a+0 u(x)v(x) 
�A� �Ð� :Tlt`m�� �®�Aktl� º§z�t�A� ��Akt�� T§r\� �¡r� (2)
¨�CAq�

∫ b
a+ v(x) du(x) ��Akt��  �� ¨�CAq�

∫ b
a+ u(x) dv(x) �t`m�� ��Akt��  A�¤ R ¨�

�q�§¤∫ b

a+
v(x) du(x) = u(b)v(b)− lim

x→a+0
u(x)v(x)−

∫ b

a+
u(x) dv(x)

Ty�µ� �®�Akt�� �� �� 
CAq� xC � (3)

,
∫ 1
0

1
x ln x

dx (�)

,
∫∞
2

1
x ln x

dx (
)

,
∫∞
e+1

1
xp ln x

dx (�)

,
∫∞
e+1

1
xp ln x ln lnx

dx ( )

,
∫∞
2

1
x(lnx)p

dx (£)

,
∫ π/2
0 tanx dx (¤)

,
∫ π/2
0 sec2(x)

√
tan(x) dx (E)

,
∫ 5
1

1
(x− 1)(5− x)

dx (�)
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,
∫∞
1

1
(x− 1)2(5− x)1/2

dx (ª) ,
∫∞
1

sinx

x2
dx (©)

,
∫∞
0

sinx

x
dx (A§)

�kt� (4)

f(x) =

{
n, x ∈ [n, n + 1

n2n ], n ∈ N
0, ��Ð ry�

.limx→+∞ f(x) 6= 0 Amny� , ¨�CAq�
∫ +∞
0 f(x) dx  � �¡r�

 � �zlts§
∫ +∞
−∞ f(x) dx ��Akt�� 
CAq�  � �¡r� (5)

lim
L→+∞

∫ L

−L
f(x) dx ∈ R

.©d�Ab�
∫ +∞
−∞ f(x) dx �k� limL→+∞

∫ L
−L f(x) dx ∈ R �y�� f(x) T��d� ¯A�� X�� (6)
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